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Abstract
We study the stability of topological structures in generalized models with a single real scalar field. We
show that it is driven by a Sturm-Liouville equation and investigate the conditions that lead to the existence
of explicit supersymmetric operators that factorize the stability equation and allow us to construct partner
potentials. In this context, we discuss the property of shape invariance as a possible manner to calculate
the discrete states and their respective eigenvalues.
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1. Introduction
Scalar fields are the simplest ones in field the-
ory and are useful to study topological structures,
in particular, kinks, which arise in (1, 1) spacetime
dimensions [1, 2]. Usually, they are studied in ac-
tions whose associated Lagrangian densities present
a dynamic term and a potential term. These mod-
els engender solutions that minimizes the energy
of the system [3, 4]. Their stability under small
fluctuations is investigated through an equation of
the Schro¨dinger type whose zero mode always exists
and it is related to the presence of a translational
invariance in the model.
The standard Lagrangian, however, is not the
only manner to seek for models that engender topo-
logical configurations. This can be seen in Refs. [5,
6], where the singular tachyon kink emerged in
the context of strings and branes. In particular,
in Ref. [5], it was studied the so-called singular
tachyon kink in a field theory that describes the dy-
namics of a D-brane in the context of superstring
theory. Moreover, in Ref. [7], it was introduced
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classes non-canonical models that support topolog-
ical structures, in which the potential is untouched
and the term that controls the dynamics of the field
in the Lagrangian density is generalized.
Later, in Ref. [8], the authors investigated gener-
alized models as an arbitrary functions of the field
and its standard dynamical term; see also Ref. [9].
Despite the complications introduced by the gen-
eralizations, it is possible to find a first order for-
malism that is compatible with the equations that
minimizes the action and govern the non-canonical
system. Nevertheless, the generalized nature of the
models makes a Sturm-Liouville eigenvalue equa-
tion [10] arise in the study of the linear stability, in-
stead of the Schro¨dinger-like one as in the standard
scenario. A possible manner to overcome this diffi-
culty is to make a change of variables to transform
this equation into a Schro¨dinger-like one. Notwith-
standing that, this change cannot always be done
with analytical expressions, since one has to inte-
grate and invert functions involved in the process.
A motivation to study non-canonical models
comes from the cosmology, in the context of infla-
tion [11]. They present distinct features when com-
pared to the standard ones. For instance, in this
case, there may be no need of a potential to drive
the inflation. These models were also used as a ten-
tative solutions to the cosmic coincidence problem,
i.e., to explain why the universe is expanding at a
late stage of its evolution [12, 13]. In field theory,
generalized models are also useful in the study of
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twinlike models, which engender the same topolog-
ical solutions and their respective energy densities
[14, 15, 16].
The presence of the aforementioned difficulties
in the study of the stability of generalized mod-
els motivated us to develop a deep investigation of
this issue. In this paper, we deal with the prop-
erties of the Sturm-Liouville equation that arises
with generalized scalar field models, such as the
zero mode, hyperbolicity and operator factorization
in supersymmetric partners. As in the standard
case, we investigate some models whose stability
leads to shape invariant potentials. So, in this pro-
cess, we also make an inspection in the property
of shape invariance, which is a condition for exact
solvability that is useful to construct the modes and
their respective eigenvalues associated to the stabil-
ity equation.
2. Generalities
We consider the action of a single real scalar field,
φ, in a two-dimensional flat spacetime with metric
tensor ηµν = diag(+,−):
S =
∫
d2xL(φ,X), (1)
where X = 12∂µφ∂
µφ denotes the standard dynam-
ical term of φ. We remark that the standard case
is given by L = X − V (φ), with V (φ) denoting the
potential. One can vary this action with respect to
the field to get the equation of motion
∂µ(LX∂µφ) = Lφ, (2)
where LX = ∂L/∂X and Lφ = ∂L/∂φ. We expand
it to get
LXφ∂µφ∂µφ+ LXX∂µφ∂νφ∂µ∂νφ+ LXφ = Lφ.
(3)
Invariance over spacetime translactions, xµ →
xµ + aµ, with aµ constant, leads to the energy-
momentum tensor
Tµν = LX∂µφ∂νφ− ηµνL. (4)
The components are given explicitly by
T00 = LX φ˙2 − L, (5a)
T01 = T10 = LX φ˙φ′, (5b)
T11 = LXφ′2 + L. (5c)
In the above equations, the dot and the prime de-
note the derivatives with respect to t and x, respec-
tively. Furthermore, we define the energy density
as ρ ≡ T00 and the stress as σ ≡ T11. Since we are
dealing with a very general model, we let ourselves
be guided by the null energy condition (NEC); that
is, we impose Tµνn
µnν ≥ 0, where nµ is a null vec-
tor, obeying ηµνn
µnν = 0. This condition restricts
the model in a manner that the Lagrangian density
must obey the inequality
LX ≥ 0, (6)
for a general φ(x, t).
We consider the static configurations. In this
case, the equation of motion (3) becomes
(2LXsXsXs + LXs)φ′′ = 2LXsφXs − Lφ, (7)
where Xs = −φ′2/2, with the s index denoting
static configurations. Since we are interested in
topological solutions, we use the boundary condi-
tions φ(±∞) → v±, where v± are constants that
represent the asymptotic values of the field. The
non zero components of the energy-momentum ten-
sor in Eq. (4) give the following expressions for the
energy density and stress
ρ = −Ls, (8a)
σ = LXsφ′2 + Ls. (8b)
One can proceed as in Ref. [8] and perform a rescale
in the solution to show that the stability against
contractions and dilations is satisfied by the stress-
less condition, σ = 0, which leads to
Ls − 2LXsXs = 0. (9)
Let us now focus on the the linear stability of the
solutions. We introduce time-dependent small fluc-
tuations, η(x, t), a real function, around the static
solution, φ(x), in the form φ(x, t) = φ(x) + η(x, t).
Considering up to first-order in contributions of η,
we can write
X = Xs + ∂µφ∂
µη. (10)
This modifies the following terms as
Lφ → Lφ + Lφφη + LφXs∂µφ∂µη, (11a)
LX → LXs + LXsφη + LXsXs∂µφ∂µη.(11b)
Substituting the field φ(x, t) in the equation of mo-
tion (2), we then get
LXs η¨ − [(2LXsXsXs + LXs)η′]′
=
[
Lφφ + (LφXsφ′)′
]
η.
(12)
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The above equation allows us to separate time
and space in the fluctuations with the expression
η(x, t) =
∑
n ηn(x) cos(ωnt). By doing so, we ob-
tain a Sturm-Liouville eigenvalue equation
− [(2LXsXsXs + LXs)η′n]′
=
(
Lφφ + (LφXsφ′)′ + ω2nLXs
)
ηn.
(13)
To preserve the hyperbolicity of the above equation,
we define a quantity A and impose the condition
A2 ≡ (2LXsXsXs + LXs)LXs
> 0. (14)
Since we are working with generalized models, the
inner product of the eigenfunctions ηn presents a
non negative weight function where the solution ex-
ists. In this case, the weight is given by LXs , whose
non negativity is ensured by the NEC in Eq. (6).
We then write the orthonormality condition∫ ∞
−∞
ηm(x)ηn(x)LXsdx = δmn. (15)
An important issue is that the zero mode, which
corresponds to ω0 = 0, always exists, regardless the
specific form of the Lagrangian density. This can
easily be shown by taking the spatial derivative in
both sides of Eq. (7) and comparing the result with
Eq. (13). This procedure allows one to show that
the zero mode is related to the derivative of the
static solution such that
η0 = κφ
′, (16)
where κ is a normalization constant. The static so-
lution φ(x) is stable if ω2n ≥ 0, ∀n. This means that
stable solutions engenders the zero mode as their
state with lowest eigenvalue we ensure the stability
of the solution.
We can make a deeper analysis of the stability
equation (13), which may be written in terms of an
operator, in the form
Lηn = ω
2
nηn. (17)
Here, L is the Sturm-Liouville operator, given by
L = − 1LXs
d
dx
A2LXs
d
dx
+ U(x), (18)
where the stability potential, U(x), is written as
U(x) = − 1LXs
(
Lφφ + (LφXsφ′)′
)
. (19)
One can show the operator in Eq. (18) is self-
adjoint, obeying the expression∫ ∞
−∞
ηm(x)Lηn(x)LXsdx
=
∫ ∞
−∞
(
L†ηm(x)
)†
ηn(x)LXsdx,
(20)
with the fluctuations satisfying the boundary condi-
tion A2LXs [ηm(x)ηn ′(x)− ηm′(x)ηn(x)]
∣∣∞
−∞
= 0,
which appears from a surface term after integrat-
ing the left hand of the above equation by parts.
We now try to factorize the operator L in Eq. (18)
in terms of the following supersymmetric operators
S and S†:
S = A
(
− d
dx
+M(x)
)
, (21a)
S† = A
(
d
dx
+M(x) +
(ALXs)′
ALXs
)
. (21b)
To do so, we have to impose another condition:
ALXs [ηm(x)ηn(x)]|∞−∞ = 0. The above operators
lead to
L1 = S
†S = − 1LXs
d
dx
A2LXs
d
dx
+ U1(x), (22)
where
U1(x) = A
2M2 +
(A2LXsM)′
LXs
. (23)
So, we need to find the function M(x) that satis-
fies L1 = L, with U1(x) = U(x). In other words,
S†Sηn = ω
2
nηn, which is the same of
− (A2LXsη′n)′ + ((A2LXsM)′ +A2LXsM2) ηn
= ω2nLXsηn,
(24)
and must reproduce the stability equation (17).
Following the supersymmetric theory of quantum
mechanics, the supersymmetric partner associated
to the Sturm-liouville operator in Eq. (22) can also
be calculated; it has the form
L2 = SS
† = − 1LXs
d
dx
A2LXs
d
dx
+ U2(x), (25)
where
U2(x) = AM
(
AM +
(ALXs )′
LXs
)
−A
(
AM +
(ALXs)′
LXs
)′
.
(26)
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In this scenario, the aforementioned potentials
U1(x) and U2(x) are called supersymmetric part-
ner potentials.
Since the functionM(x) does note depend on the
states ηn, we can use the zero mode in the Eq. (24)
and in Eq. (17) to get(
A2LXsφ′′
)′
=
(
(A2LXsM)′ +A2LXsM2
)
φ′.
(27)
This equation is satisfied by M = φ′′/φ′, which
makes the operators in Eq. (21) being written by
S = A
(
− d
dx
+
φ′′
φ′
)
, (28a)
S† = A
(
d
dx
+
φ′′
φ′
+
(ALXs)′
ALXs
)
. (28b)
Hence, we now have a supersymmetric factorization
for the Sturm-Liouville operator in Eq. (18). In this
case, the potentials in Eqs. (23) and (26) are written
as
U1 = A
2
(
φ′′′
φ′
+
(L′Xs
LXs
+ 2
A′
A
)
φ′′
φ′
)
, (29a)
U2 = A
2
((L′Xs
LXs
+ 2
φ′′
φ′
)
φ′′
φ′
− φ
′′′
φ′
− 1
A
(
(ALXs )′
LXs
)′)
. (29b)
The above partner potentials are associated to the
study of the Sturm-Liouville equation (17). In some
cases, they may engender the so-called shape invari-
ance property, which we investigate below.
2.1. Shape Invariance
The supersymmetric quantum mechanics associ-
ated to the Sturm-Liouville equation that arise from
the field theory described by the action in Eq. (1)
has the two partner potentials in Eq. (29). It is pos-
sible due to the existence of the functionM(x) that
allows for the factorization of the Sturm-Liouville
operator. An interesting fact is that, in some spe-
cific cases, these potentials support the shape in-
variance property, which we investigate here.
By considering the operators in Eq. (22), we get
the eigenvalue equation L1η
(1)
n =
(
ω
(1)
n
)2
η
(1)
n . On
the other hand, we also have an equation for the
supersymmetric partner (25), in the form L2η
(2)
n =(
ω
(2)
n
)2
η
(2)
n . In this scenario, one can relate the
partner eigenstates and eigenvalues as
ω(2)n = ω
(1)
n+1, ω
(1)
0 = 0, (30a)
η(2)n = Sη
(1)
n+1/ω
(1)
n+1, η
(1)
n+1 = S
†η(2)n /ω
(2)
n . (30b)
For convenience, we define S{1} ≡ S, whose associ-
ated Sturm-Liouville operator is L{1} = S
†
{1}S{1},
which reproduces the stability equation (17), and
the partner L{2} = S{1}S
†
{1}. We may write the
operator L{2} in terms of new operators S{2} and
S†{2} as L{2} = S
†
{2}S{2} +
(
ω
(1)
1
)2
, where the low-
est eigenvalue is
(
ω
(2)
0
)2
=
(
ω
(1)
1
)2
. Following these
lines, we can generate a third Sturm-Liouville op-
erador L{3} = S{2}S
†
{2} +
(
ω
(1)
1
)2
, and use it to
construct the operators S{3} and S
†
{3}, as L{3} =
S†{3}S{3} +
(
ω
(2)
1
)2
. This can be done recursively,
such that we can build multiple operators Lm with
eigenvalues and eigenstates respectively given by
ω(m)n = ω
(m−1)
n+1 = ... = ω
(1)
n+m−1, (31a)
η(m)n ∝ S{m−1}...S{1}η(1)n+m−1. (31b)
In general, the aforementioned function M(x),
depends on a real parameter a, so we denote it
by M(x; a), which is used to build the partner
operators S(a) and S†(a). The shape invariance
property is a condition for exact solvability since
it relates these operators and allows for the con-
struction of the eigenstates and eigenvalues; see
Refs. [17, 18, 19]. We may write it as
S(a1)S
†(a1) = S
†(a2)S(a2) +R(a1). (32)
Here, a2 = f(a1), with f being an arbitrary func-
tion and R(a1) is a non null remainder independent
of x. This expression can be used to show that
U1,2(x; a) are Shape Invariant Potentials (SIP) if
the condition
U2(x; a1) = U1(x; a2) +R(a1) (33)
is satisfied. From the above expression, we see
R(a1) represents the spacing between the ground
states of the two partner potentials. After succes-
sive applications of this method, we can determine
algebraically that(
ω(1)n
)2
=
n∑
k=1
R(ak), (34a)
η(1)n (x; a1) ∝
n∏
k=1
S†(ak)η
(1)
0 (x; an+1). (34b)
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where the parameter ak is given by the application
of f in a1 successively by k times, that is,
ak = f( . . .︸︷︷︸
k times
f(a1)). (35)
In this paper, we make use of a simpler form of
the shape invariance property, in which the param-
eters a1 and a2 are related through a shift. So, for
simplicity, we call a1 = a and a2 = a− λ, where λ
is a real parameter. In this case, Eq. (33) can be
written as
U2(x; a) = U1(x; a− λ) +R(a) (36)
and Eq. (35) as a− kλ.
We then work out the shape invariance associ-
ated to the case in which A is constant and one has
M(x; a) = −a tanh(λx), which is controlled by the
parameters a, and the weight function has the form
LXs = sech
b
λ (λx), where b is real a parameter that
controls it. The above function allows for the con-
struction of the supersymmetric operators S and S†
S(a) = −A
(
d
dx
+ a tanh(λx)
)
, (37a)
S†(a) = A
(
d
dx
− (a+ b) tanh(λx)
)
, (37b)
and the supersymmetric partner potentials
U1(x; a) = A
2
[
a(a+ b)− a(a+ b+ λ) sech2(λx)] ,
(38a)
U2(x; a) = A
2
[
a(a+ b)− (a− λ)(a+ b) sech2(λx)] ,
(38b)
which are compatible with the condition in Eq. (36)
for shape invariance, with remainder R(a) =
A2λ(2a + b − λ). Since we are dealing with SIP,
the expressions in Eq. (34) are useful to calculate
the eigenstates ηn and their respective eigenvalues(
ω
(1)
n
)2
for the potential U1(x; a). They are given
by
η(1)n (x) = sech
a
λ
−n(λx)P (s−n,s−n)n (tanh(λx)),
(39a)(
ω(1)n
)2
= A2λ2n(2s− n), (39b)
where s = (2a+b)/2λ and P
(l,m)
z denotes the Jacobi
Polynomials of argument z and parameters l and
m. In this case, n = 0, 1, . . . , ⌈s− 1⌉, where ⌈z⌉
denotes the ceiling function with argument z.
3. Models
In this section, we present some specific gener-
alized models that falls in the class of Lagrangian
densities that we consider in Eq. (1). However, be-
fore do so we review the standard model, which is
described the simplest Lagrangian density, given by
L = X − V (φ), (40)
where V (φ) denotes the potential that must present
two neighbor minima. Notice that the NEC in
Eq. (6) is always satisfied since LX = 1 here. The
static configurations must obey Eq. (7), which leads
to φ′′ = Vφ. To ensure the stability under rescal-
ing, we also impose the stressless condition; in this
case, the field must obey the first order equation
(9), which leads to −Xs = V (φ), or
1
2
φ′
2
= V (φ). (41)
The boundary conditions for the field here are re-
lated to the potential; the solutions must connect
two adjacent minima of V (φ). A well know model
is the φ4, whose associated potential is V (φ) =
(1−φ2)2/2 and the kink profile is described by φ =
tanh(x). One may use Eq. (8a) to show that the en-
ergy density is ρ(x) = sech4(x), which may be inte-
grated to lead to energy E = 4/3. Another known
model comes from a non polynomial potential, the
sine-Gordon one, given by V (φ) = cos2(φ)/2. Since
this potential is pi periodic, it supports a set of min-
ima that are located at φk = (k−1/2)pi and maxima
at φm = kpi with k ∈ Z. The central sector is de-
fined by the minima φ = ±pi/2, where the kink so-
lution φ = arcsin(tanh(x)) lives. To find the other
sectors, one can make the shift φ → φ + kpi. The
energy density of the solution in any sector is calcu-
lated from Eq. (8a), which leads to ρ(x) = sech2(x)
and energy E = 2. The stability for a general po-
tential in the standard case is described by Eq. (13),
which becomes
−η′′n +U(x)ηn = ω2nηn, with U(x) = Vφφ. (42)
The hyperbolicity condition in Eq. (14) is always
satisfied, because A2 = 1 here. Furthermore,
we see the Sturm-Liouville equation simplifies to
a Schro¨dinger-like equation whose associated su-
persymmetric operators are S = −d/dx + φ′′/φ′
and S† = d/dx + φ′′/φ′. In particular, for the
aforementioned φ4 potential, we have the operators
S = −d/dx− 2 tanh(x) and S† = d/dx− 2 tanh(x),
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and the modified Po¨schl-Teller stability potential
U(x) = 4 − 6 sech2(x), whose eigenvalues for the
discrete states are ω2 = 0 and 3. In the case of sine-
Gordon potential, the supersymmetric operators
are S = −d/dx−tanh(x) and S† = d/dx−tanh(x),
and the stability potential is U(x) = 1− 2 sech2(x),
which is of the same type for the φ4 case with dif-
ferent coefficients, and admits only the zero mode,
ω2 = 0.
Below, we illustrate our procedure with two gen-
eralized models that support solutions of the kink
type.
3.1. First example
First, we make a generalization of the standard
model in Eq. (40), by taking higher powers on the
dynamical term. We take the Lagrangian density
L = X
N
|2X |N−1 − V (φ), (43)
where N > 1/2 is a real number that controls the
kinetic term of the scalar field, with V (φ) being
potential, as usual. We avoid the case N = 1/2
because, as we will see, this case is associated to
the cuscuton term [20, 21, 22] which does not con-
tribute to the first order equation and this would
make the potential being null. The NEC in Eq. (6)
reads |2X |N−1 ≥ 0, which is satisfied for any N ,
in particular the range that we consider here. It
is straightforward to see that the standard case in
Eq. (40) is recovered by taking N = 1.
We then consider static configurations and use
Eq. (7) to show that the equation of motion is
(2N − 1)φ′2(N−1)φ′′ = Vφ. (44)
As in the standard case, φ(x) must connect two
neighbor minima of the potential. The non van-
ishing components of the energy-momentum tensor
are given by the Eq. (8), which reads
ρ =
1
2N
φ′
2N
+ V (φ), (45a)
σ =
2N − 1
2N
φ′
2N − V (φ). (45b)
As we have shown in the previous section, the sta-
bility under rescaling requires the stressless condi-
tion, σ = 0. This leads to the first order equation
2N − 1
2N
φ′
2N
= V (φ). (46)
As we have commented before, for N = 1/2 we
would get null potential, which does not give rise
to any interesting field configurations in this sce-
nario. The above equation relates the derivative of
the field and the potential. This feature allows the
energy density in Eq. (45a) to be written as
ρ = φ′
2N
=
2N
2N − 1V (φ). (47)
We now focus on the linear stability for this spe-
cific model, driven by the Lagrangian density in
Eq. (43). From Eq. (13), we get the Sturm-Liouville
equation
− A
2
φ′2(N−1)
(
φ′
2(N−1)
η′n
)′
+ U(x)ηn = ω
2
nηn, (48)
where the stability potential U(x) is given by
U(x) =
A2
2N − 1
Vφφ
φ′2(N−1)
= A2
(
φ′′′
φ′
+ 2(N − 1)φ
′′2
φ′2
) (49)
and A2 is as defined in Eq. (14),
A2 = 2N − 1, (50)
which does not depend on x. Notice that, even
for the generalization in the Lagrangian density in
Eq. (43), the hyperbolic condition is still obeyed,
since A2 is always positive for N > 1/2, as we have
taken in our model. As one knows, the above equa-
tion may be written in terms of the operator L, as
in Eqs. (17) and (18).
As we have discussed in the previous section, the
Sturm-Liouville operator may be factorized as L =
S†S, with the operators S and S† given by Eq. (28),
which reads
S = A
(
− d
dx
+
φ′′
φ′
)
,
S† = A
(
d
dx
+ (2N − 1)φ
′′
φ′
)
.
(51)
We can clearly see that the above equation has a
structure that is similar to the one for the stan-
dard case, N = 1, except for the presence of con-
stant factors of A in the operators. One can show
the Sturm-Liouville operator L = S†S in Eq. (22),
which is associated to the stability equation (48), is
L = S†S = − A
2
φ′2(N−1)
d
dx
(
φ′
2(N−1) d
dx
)
+ U1(x),
(52)
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where U1(x) = U(x) is the stability potential de-
scribed by Eq. (49). We may also find the super-
symmetric partner, SS†, in Eq. (25),
SS† = − A
2
φ′2(N−1)
d
dx
(
φ′
2(N−1) d
dx
)
+U2(x), (53)
in which the partner potential, U2(x), is
U2(x) = −(2N − 1)2
(
φ′′′
φ′
− 2φ
′′2
φ′2
)
. (54)
If possible, one may consider the supersymmetric
partner potentials to use shape invariance and cal-
culate the modes and their corresponding eigenval-
ues associated to the Sturm-Liouville stability po-
tential.
Considering that kinklike structures usually de-
cay with exponential tails, i.e., φ(x) ∓ v± ∝
exp(−|x|) for x → ±∞, we can estimate how the
eigenstates ηn behave in this regime. In this case,
since M = φ′′/φ′, we can conclude that it tends to
constant values as x goes far away from the origin;
we takeM |x→±∞ =M±. Since A2 = 2N−1 is con-
stant, one can see that both operators in Eq. (51)
become a derivative plus a constant term. By using
this behavior in the stability equation (48), one can
show it becomes
−η′′± − 2(N − 1)M±η′± +A2M±η± =
ω2
A2
η± (55)
Its solution describes the general asymptotic behav-
ior of the fluctuations, which is given by
η± = exp (−(N − 1)M±x+ ikx) , (56)
where k =
√
ω2/A2 −N2M2±.
The above expression depends on the sign of
M±, which obeys ∓M± > 0 for kinks. For ω2 >
A2N2M2±, k is a real number, so the oscillations
are present and we have a continuum of states. In
this situation, the fluctuations vanish asymptoti-
cally for 1/2 < N < 1, oscillate all over the space
for N = 1 and explode for N > 1. Other possibility
appears when k = 0, in which we also get contin-
uum states and the fluctuations tends to vanish at
infinity for 1/2 < N < 1, is constant for N = 1
and diverges for N > 1. Finally, if ω2 < A2N2M2±,
k is a purely imaginary number in a manner that
its term, and also the entire argument of the ex-
ponential, becomes real. In this case, the fluctua-
tions may vanish, be constant or explode asymp-
totically, depending on the sign of the expression
−(N − 1)M± − |k|; the states are discrete.
Next, we illustrate our procedure with some ex-
amples that lies in the monomial class described by
the Lagrangian density in Eq. (43). As our first ex-
ample in the class (43), we consider a generalization
of the aforementioned φ4 potential, in the form
V (φ) =
2N − 1
2N
(1− φ2)2N , (57)
with N is the same parameter that controls the
scalar field dynamics in the Lagrangian density in
Eq. (43). In this case, the field profile that arises
from the first order equation (46) is described by
φ(x) = tanh(x), (58)
which is the same solution of the φ4 model with
standard Lagrangian density. Even though the
modification that we introduced with the param-
eter N leaves the solution untouched, the energy
density in Eq. (45a) depends on N , with the form
ρ(x) = sech4N (x). (59)
One can integrate the above expression all over
the space to show that the energy is given by
E = 24N−1B(2N, 2N), where B(z, z˜) denotes the
Beta function with arguments z and z˜.
We then must investigate if the modifications in-
troduced by the parameter N in the model destabi-
lizes the solution in Eq. (58). To do so, we follow the
formalism in the previous section. In this case, one
can calculate the supersymmetric operators S and
S† in Eq. (51) that factorizes the stability equation
(48); they are written below.
S = −A
(
d
dx
+ 2 tanh(x)
)
, (60a)
S† = A
(
d
dx
− 2(2N − 1) tanh(x)
)
. (60b)
These operators are well defined all over the real
line. This ensures the linear stability of the model.
We may go even deeper and take a closer look into
the stability potential in Eq. (49), which becomes
U(x) = A2
(
4(2N − 1)− 2(4N − 1) sech2(x)) .
(61)
This potential can be associated with the shape in-
variance property. So, we may use some of the re-
sults obtained in Sec. 2.1 with Eqs. (37)-(39) for
a = 2, b = 4(N − 1) and λ = 1 to calculate all the
discrete states
ηn(x) = sech
2−n(x)P (2N−n,2N−n)n (tanh(x)), (62)
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whose associated eigenvalues are ω2n =
A2n (4N − n) for n = 0, 1, 2, . . . , ⌈2N − 1⌉.
We can use Eq. (56) to calculate the asymptotic
behavior of the continuum states that arise when
ω2 > 4A2N2. We have
η± = exp (±2(N − 1)x+ ikx) , (63)
where k =
√
ω2/A2 − 4N2.
We continue the illustration of the formalism by
taking the potential
V (φ) =
2N − 1
2N
cos2N (φ). (64)
This potential engenders the very same structure
of minima of the aforementioned sine-Gordon po-
tential, which is recovered here for N = 1. The
central sector is defined by the interval [−pi/2, pi/2]
and the other sectors can be found through the shift
φ→ φ + kpi, with k ∈ Z. In this case, the solution
obtained from Eq. (44) is
φ(x) = arcsin(tanh(x)). (65)
Similarly to the previous example, it does not de-
pend on N . Nevertheless, the energy density in
Eq. (45a) becomes
ρ(x) = sech2N (x). (66)
By integrating this expression all over the space, we
get the energy E = 22N−1B(N,N). So, N controls
the energy of the sine-Gordon solution. We conduct
the stability analysis as before; one can show the
operators S and S† in Eq. (51) are given by
S = −A
(
d
dx
+ tanh(x)
)
, (67a)
S† = A
(
d
dx
− (2N − 1) tanh(x)
)
. (67b)
Since the above operators do not have divergences,
they ensure the linear stability of our solution. The
stability potential in Eq. (49) is written as
U(x) = A2
(
2N − 1− 2N sech2(x)) . (68)
As in the previous example, we can take advantage
of the shape invariance associated to this potential.
We use the results in in Sec. 2.1 with Eqs. (37)-(39)
for a = 1, b = 2(N − 1) and λ = 1 to see that
ηn(x) = sech
1−n(x)P (N−n,N−n)n (tanh(x)), (69)
with eigenvalues ω2n = A
2n (2N − n) for n =
0, 1, 2, . . . , ⌈N − 1⌉. For ω2 > A2N2, we get contin-
uum states, whose asymptotic behavior is described
by Eq. (56)
η± = exp (±(N − 1)x+ ikx) , (70)
where k =
√
ω2/A2 −N2.
3.1.1. Presence of the cuscuton term
The generalized model described by the La-
grangian density in Eq. (43) leads to a constant A,
as one can see in Eq. (50). This makes the trans-
formation to a Schro¨dinger-like equation through
a change of variables become possible to be done
with analytical functions; see Refs. [8]. Neverthe-
less, there are models that do not allow us to per-
form the aforementioned change, since there is an
integration and an inversion of function involved in
the process, which are not always feasible analyti-
cally. Here, we study the addition of the cuscuton
term [20, 21, 22] in the Lagrangian density (43).
We then consider
L = X
N
|2X |N−1 + f(φ) 2X√|2X | − V (φ), (71)
where f(φ) is an arbitrary function that drives
the cuscuton term. As we have previously shown
in Ref. [22], this function cannot be eliminated
through a field redefinition due to the presence of
the monomial dynamics. In this case, the cuscuton
term does not contribute to the equation of motion
for static fields, which is1 given by Eq. (44), with
φ(x) connecting two adjacent minima of the poten-
tial.
The nonvanishing components of the energy-
momentum tensor are given by Eq. (8), which reads
ρ =
1
2N
φ′
2N
+ f(φ) |φ′|+ V (φ), (72a)
σ =
2N − 1
2N
φ′
2N − V (φ). (72b)
Notice that the cuscuton term does not contribute
to the stress of the solutions. Therefore, the stress-
less condition leads to the Eq. (46); this means that
the cuscuton term does not change the kink profile.
Nevertheless, as we can see in the above equation,
it modifies the energy density of the model.
The stability of the static solutions under small
fluctuations is described by Eq. (17), whose hyper-
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bolicity is controlled by the function A in Eq. (14).
We then get
A2 =
(2N − 1)φ′2N−1
φ′2N−1 + f(φ)
. (73)
By setting f(φ) = 0 one recovers the function in
Eq. (50). One may consider the change of variables
in Ref. [8] to get a Schro¨dinger-like equation, which
is related to the form of A. The presence of the
function f(φ), however, brings nonlinearities the
problem that complicates this process, since Amust
used in an integration at some point. Therefore, the
investigation of the Sturm-Liouville equation (17) is
very important in this case. We then factorize the
stability equation with the supersymmetric opera-
tors in Eq. (28). If these operators are well-defined,
the model with the presence of the cuscuton term
in Eq. (71) is stable under small fluctuations. As
an illustration, we consider the potential in Eq. (57)
and
f(φ) = α
(
1− φ2)p . (74)
The kink solution is given by Eq. (58), the same for
the case α = 0. The energy density in this case has
the form
ρ(x) = sech4N (x) + α sech2p+2(x). (75)
It can be integrated all over the space so we
can obtain the energy E = 24N−1B(2N, 2N) +
22p+1αB(p + 1, p + 1). The function that controls
the hyperbolicity in Eq. (73) is written as
A2 =
2N − 1
1 + α sech2(p+1−2N)(x)
, (76)
which is not constant as before.
The stability equation is given by Eq. (48) with
the stability potential (49) and A given by Eq. (73).
For our example, in particular, U(x) is described
by Eq. (61), with the above non-constant function
A. This equation can be factorized with the super-
symmetric operators in Eq. (28). The operator S
is as in Eq. (60a), but its supersymmetric partner
is cumbersome, so we omit it here. Even so, both
operators are regular all over the space; this ensures
the stability of our model.
We may go further and investigate the general
asymptotic behavior of the fluctuations η(x). We
consider M |x→±∞ = M±, A|x→±∞ = A± and
ln(ALXs)′|x→±∞ = K± in Eq. (17) for x → ±∞,
which becomes
−η′′ −K±η′ +
(
M2± +M±K±
)
η =
ω2
A2±
η. (77)
The above equation admits the following solution:
η± = exp
(
−K±x
2
+ ikx
)
, (78)
with k =
√
ω2/A2± − (2M± +K±)2/4. We then
consider the solution in Eq. (58) and f(φ) given by
Eq. (74) for p > 2N − 1. In this case, we have
M± = ∓2 and A± →
√
2N − 1, such that
ln(ALXs)′ = − tanh(x)×(
4(N − 1) + α (p+ 1− 2N)
α+ cosh2(p+1−2N)(x)
)
,
(79)
in a manner that it tends to K± → ∓4(N −
1), asymptotically. We also have k =√
ω2/(2N − 1)− 4N2, so the states with ω2 >
4N2(2N − 1) cannot be normalized.
3.2. Second example
We now consider another class of models, de-
scribed by the Lagrangian density with the form
L = V (φ)F (X), (80)
where F (X) and V (φ) are in principle arbitrary
functions of X and φ, respectively. The general
properties of the above Lagrangian density were in-
vestigated in Ref. [8]. One may expand this La-
grangian density up to first order in X , around
X = 0, to get
L = V (φ) (F (0) + FX(0)X) + V (φ)O
(
X2
)
. (81)
By making the change φ = h(χ), where
h(χ) is the solution of the differential equation
FX(0)V (h(χ))h
2
χ = 1, the standard Lagrangian
density can be found
L ≈ Y − V˜ (χ), (82)
where Y = 12∂µχ∂
µχ and V˜ (χ) = −F (0)V (h(χ)).
To comply with this, we consider functions F (χ)
that obey F (0) < 0 and FX(0) > 0.
The equation of motion (7) for static configura-
tions is written as
(2FXsXsXs + FXs)φ
′′ =
Vφ
V
(2FXsXs − F (Xs)) .
(83)
In this case, the nonvanishing components of the
energy-momentum tensor Eq. (8) are
ρ = −F (Xs)V (φ), (84a)
σ = V (φ) (F (Xs)− 2FXsXs) . (84b)
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As we have shown in Sec. 2, stability under contrac-
tions and dilations leads to the stressless condition,
σ = 0, which is described by
V (φ)(F (Xs)− 2FXsXs) = 0, (85)
This equation may admit two types of solutions, de-
pending on the explicit form of F (X). The simplest
case arises forXs constant in the algebraic equation
F (Xs)− 2FXsXs = 0, (86)
One must be careful when choosing F (X), because
it has to allow for the presence of negative Xs so-
lutions in Eq. (86). To do so, one must take F (X)
such that F (Xs)FXs < 0, i.e., F (Xs) and FXs have
opposite signs. If this condition is satisfied, the so-
lution has the form
φ(x) = αx, (87)
where α is a real constant. In this case, Xs =
−α2/2 is constant, as well as F (X) and all its
derivatives when evaluated at the above solution. It
is clear that the solutions do not depend on the form
of the potential. The above solution, for instance,
can be obtained for F (X) = − exp (−X2/α2).
However, the potential plays an important role in
the model since it controls the energy density in
Eq. (84a).
The second possibility forXs in the equation (85)
appeared in Refs. [5, 6] . It arises for F (X) =
−√1− 2X, which leads to the so-called singular
tachyon kink
φ(x) =

−∞, x < 0,
0, x = 0,
∞, x > 0.
(88)
We remark that the above solution may also appear
for other functions F (X). For instance, one may
take F (X) = (4X − 1)/√1− 2X to show that this
exotic solution satisfies Eq. (85).
At this point, we study the stability of the above
solutions. Using Eq. (13) and the equation of mo-
tion (83), we can write
− 1
FXs V
(
A2FX V η
′
)′
+ U(x)η = ω2η, (89)
with the stability potential given by
U(x) =
F (Xs)− 2FXsXs
FXs V
(
V 2φ
V
− Vφφ
)
(90)
and the hyperbolicity being controlled by
A2 = 1+
2FXsXsXs
FXs
. (91)
The expressions in Eqs. (89)-(91) are valid for both
the solutions in Eqs. (87) and (88). For the simplest
case, with the solution in Eq. (87), we have constant
Xs, which makes A
2 become constant that must be
positive to obey the condition A2 > 0. In this case,
the stability equation (89) takes a simpler form
−A
2
V
(V η′n)
′
= ω2nηn. (92)
The Sturm-Liouville operator L in Eq. (18) can be
factorized as L = S†S, with
S = −A d
dx
and S† = A
(
d
dx
+ φ′
Vφ
V
)
. (93)
Notice the operator S does not have the functionM
that appears in Eq. (28) is not present here, because
of the form of the solution in Eq. (87). Notice the
stability potential in Eq. (90) is null for the solution
in Eq. (87) and does not appear in Eq. (92). The
partner operator, L2 = SS
†, takes the form
SS† = −A
2
V
(V η′n) + U2(x)ηn, (94)
where U2(x) = −φ′A2(Vφ/V )′.
Considering the solution in Eq. (87), we can il-
lustrate this model with the potential
V (φ) = e−λφ
2
. (95)
We comment that, in this case, the field redefinition
that leads to the standard Lagrangian in Eq. (82)
cannot be done through the use of analytical ex-
pressions.
The Eq. (92) becomes
−A2η′′n + 2A2α2λx η′n = ω2nηn. (96)
This equation controls the stability of our model
with potential in Eq. (95). In this case, the opera-
tors in Eq. (93) become The operators
S = −A d
dx
and S† = A
(
d
dx
− 2α2λx
)
. (97)
These operators a regular and well defined all over
the space. This ensures the stability of our model.
We may go further and investigate the states and
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their eigenvalues. In this case, we have U1(x) = 0
and U2(x) = 2A
2α2λ. So, both potentials are con-
stant. In order this case, we do not have shape in-
variant potentials. Nevertheless, the stability equa-
tion (96) is known since a similar version appears
in the study of the Harmonic Oscilator. So, one
can calculate the eigenstates and eigenvalues in the
form
ηn(x) = κnHn(α
√
λx) and ω2n = 2nA
2α2λ,
(98)
where n is a natural number, Hn(z) denotes Her-
mite polynomials of argument z and κn is a normal-
ization constant. Making use of the orthonormality
condition for our system,
∫∞
−∞ ηm(x)ηn(x)LXsdx =
δmn, one can calculate the normalization constant,
which is given by κ2n = α
√
λ/ (
√
pi2nn!).
4. Conclusions
In this paper, we have studied some aspects of the
stability of kinklike structures in generalized scalar
field models. We have reviewed the basic proper-
ties of the non-canonical model described by the ac-
tion in Eq. (1), such as the equation of motion, the
stressless condition and the energy density. Then,
we have investigated the stability of the static solu-
tions under small fluctuations, which is controlled
by a Sturm-Liouville eigenvalue equation. As we
have commented, one may try to change the vari-
ables as it was done in Ref. [8] in order to get a
Scho¨dinger-like equation, but this is a hard task
that is not always feasible analytically because it
involves integrations and inversions of functions in
the process. So, understanding the properties of
the Sturm-Liouville equation is important.
We have shown the stability equation may be as-
sociated to an operator which comes with a po-
tential. An interesting result is that, despite the
generalized form of the Lagrangian density, we al-
ways can factorize it in supersymmetric operators
that can be written explicitly in terms of deriva-
tives of the static solution. So, in this sense, we
have found a connection between generalized scalar
field models and supersymmetric Sturm-Liouville
theory. The presence of the aforementioned super-
symmetric operators gives rise to a partner poten-
tial. In this context, we have investigated the prop-
erty of shape invariance, which is useful to calculate
the general form of the eigenstates and eigenvalues
associated to our stability equation.
As perspectives, one may consider to investi-
gate the stability of generalized models with sev-
eral scalar fields in the lines of Ref. [23] or with
the inclusion of terms with higher derivatives of
the field as in Refs. [24, 25], to seek for the condi-
tions that allows for the factorization of the stability
equations that arise in the problem. Another pos-
sibility is to search for supersymmetric extensions
of our action in Eq. (1), following the direction of
Refs. [26, 27, 28, 29], and verify, among other prop-
erties, which term makes the coupling between the
fields and how the zero mode is calculated for the
fermionic sector of the model.
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